Abstract. We show that if E is a separable symmetric Banach function space on the positive half-line, then E has the Kadec-Klee property (respectively, uniform Kadec-Klee property) for local convergence in measure if and only if, for every semifinite von Neumann algebra (M, τ), the associated space E(M, τ) of τ-measurable operators has the same property.
Introduction and preliminaries
It was shown by J.Arazy [Ar] (see also [Si] ) that if a symmetric sequence space E has the Kadec-Klee (or Radon-Riesz) property for pointwise convergence, then the associated unitary matrix space C E has the Kadec-Klee property for the weak operator topology. More recently, the uniform version of this result has been established by Hsu [Hs] . In the present paper, we extend each of these lifting-type results to the setting of symmetric spaces of measurable operators. Our approach is based on a notion of local convergence in measure introduced in [DDDLS] . In the commutative setting, local convergence in measure coincides with the usual notion of convergence in measure on sets of finite measure. On the other hand, for bounded sequences in trace ideals, local convergence in measure coincides with convergence for the weak operator topology. In particular, the results of [Ar] , [Hs] for trace ideals follow as special cases of the present approach. We remark that the present paper complements the study of Kadec-Klee properties in non-commutative spaces given in [CDS] , [DDDLS] , [Su] and effectively reduces the study of such properties in non-commutative spaces to the corresponding question in symmetric spaces of measurable functions on the positive half-line. A systematic study of Kadec-Klee properties in this setting may be found in [CDSS] .
We now collect some of the basic facts and notation that will be used in this paper. We denote by M a semifinite von Neumann algebra with identity 1 on the Hilbert space H, with a fixed faithful and normal semifinite trace τ . If x is a (possibly unbounded) self-adjoint operator in H, we denote by e x (·) the spectral measure of x. If x is a closed, densely defined operator in H such that ux = xu for all unitary u in the commutant M of M, then e |x| (B) ∈ M for all Borel sets B ⊆ [0, ∞) and x will be called τ -measurable if and only if there exists s > 0 such that τ (e |x| (s, ∞)) < ∞. The collection of all τ -measurable operators is denoted by M. For x ∈ M and t ≥ 0, we define the decreasing rearrangement (or generalized singular value function) µ(x) by setting
For basic properties, we refer to [FK] . If , δ > 0 then the family of all sets N ,δ consisting of all x ∈ M such that µ δ (x) < form a neighbourhood base at 0 for a Hausdorff linear topology in M called the measure topology. Equipped with this measure topology and with sum and product defined as the respective closures of the algebraic sum and product, the space M is a complete topological *-algebra. The measure topology can be localized in the following way [DDDLS] . If , δ > 0 and if e is a self-adjoint projection in M with τ (e) < ∞, then the family of all sets N ,δ,e consisting of all x ∈ M such that µ δ (exe) < form a neighbourhood base at 0 for a Hausdorff linear topology on M. This topology will be called the topology of local convergence in measure (denoted (lcm)). As noted in [DDDLS] , convergence locally in measure coincides with convergence for the measure topology relative to (eMe, τ (e · e)), for each self-adjoint projection e ∈ M with τ (e) < ∞. If M is commutative, and identified with the von Neumann algebra of all multiplication operators given by bounded measurable functions on some localisable measure space then the preceding notion of local convergence in measure reduces to the more familiar notion of convergence in measure on sets of finite measure in the underlying measure space. On the other hand, if M is the space L(H) of all bounded linear operators on H and τ is the standard trace, then for sequences that are bounded in operator norm, convergence locally in measure is precisely convergence for the weak operator topology.
By L 0 we denote the space of all complex-valued Lebesgue measurable functions on [0, ∞) (with identification a.e. with respect to the Lebesgue measure m).
Furthermore, E is called a symmetric Banach function space if it has the additional property that f, g ∈ E and g ≺≺ f imply that g E ≤ f E . Here g ≺≺ f denotes submajorization in the sense of Hardy-Littlewood-Polya :
For the general theory of rearrangement-invariant Banach function spaces, we refer the reader to [KPS] and [LT] .
Given a semifinite von Neumann algebra (M, τ) and a symmetric Banach function space E on [0, ∞) we define the corresponding non-commutative space E(M, τ) by setting E(M, τ) = {x ∈ M : µ(x) ∈ E}. Equipped with the norm x E(M,τ ) := µ(x) E , the space E(M, τ) is a Banach space and is called the (non-commutative) symmetric operator space associated with (M, τ) corresponding to E. An extensive discussion of the various properties of such spaces can be found in [DDP1, DDP2] . We shall frequently use the following submajorisation inequality: if x, y ∈ M then
which is proved in [DDP1] . It follows in particular that if E is a symmetric Banach function space on [0, ∞) and if x, y ∈ E(M, τ) then µ(x)−µ(y) E ≤ x−y E(M,τ ) .
Let X be a Banach space and T a linear space topology on X weaker than the norm topology. The space X is said to have the Kadec-Klee property with respect to T (denoted KK(T )) if and only if x, x n ∈ X, n = 1, 2, . . . , x n → x(T ) and x n X → x X imply x n − x X → 0. The space X is said to have the uniform Kadec-Klee property with respect to T (denoted U KK(T )) if and only if for every > 0, there exists a δ X ( ) ∈ (0, 1) such that whenever x ∈ X and {x n } is a sequence in the unit ball of X with x n → x(T ) and inf n =m x n − x m X ≥ , then it follows that
It is straightforward to show (see, for example, [CDSS] , Proposition 1.1) that if the symmetric space E on [0, ∞) has KK(lcm), (a fortiori, if E has U KK(lcm)), then E is separable.
The Kadec-Klee property for local convergence in measure
Let E be a separable rearrangement invariant Banach function space on [0, ∞). Let (M, τ), (N , σ) be semifinite von Neumann algebras. We shall need the following result which is [CDS] , Lemma 2.3 (see also [Su] , Lemma 3).
Lemma 2.2. Assume that E has KK(lcm).
For every measurable set e ⊆ [0, ∞) of finite measure, for every > 0, with 0 < < m(e), for every 0 ≤ f ∈ E with f E = 1 there exists 0 < c = c(e, , f ) < 1 such that whenever e is a measurable subset of e for which m(e ) = and f ≥ χ e it follows that f − χ e E ≤ c.
Proof. We suppose that the assertion of the Lemma is false. There exist 0 ≤ f ∈ E with f E = 1, a measurable set e ⊆ [0, ∞) of finite measure, > 0 with 0 < < m(e), and a sequence {e n } of measurable subsets of e such that m(e n ) = , f ≥ χ en , n ≥ 1 and f − χ en E → 1. Without loss of generality, we may assume m( ∞ n=1 e n ) = 1, and by composition with a suitable measurepreserving mapping, we may further assume that
using Lemma 2.1, we obtain
It follows that
Without loss of generality, we may assume f χ
, n ≥ 1 and observe via Lemma 2.1 that
Since h n → 0 locally in measure and since E has KK(lcm), it follows from (2.1) and (2.2) that h n E → 0, and this is clearly a contradiction.
We need the following result for commutative KK(lcm) spaces.
Proposition 2.3.
Assume that E has KK(lcm). Suppose that 0 ≤ f, f n , g n ∈ E, for n = 1, 2, . . . and that
Proof. If f n → f locally in measure, then we may assume that there exist > 0, a measurable set e ⊆ [0, ∞) of finite measure and a sequence {e n } of measurable subsets of e such that m(e n ) > 3 , and
Consequently, we may assume that there exist measurable subsets e n ⊆ e n , n ≥ 1, such that m(e n ) = and
From this it follows that g n − f n ≥ 2 χ e n and so
This contradicts the assertion of Lemma 2.2, and suffices to complete the proof.
We need the following estimate, which follows from [CS2] , Lemma 2.3 (see also [Si] ).
Lemma 2.4. If E is a separable Banach function space on
and if e, f are self-adjoint projections in M then
Lemma 2.5. Assume that E is separable. If x, x n ∈ E(M, τ), n = 1, 2, . . . , if x n → x (lcm) then there exist a sequence {e n } of self-adjoint projections in M such that τ (e n ) < ∞, n ≥ 1, and a subsequence {y n } ⊆ {x n } such that
µ(e n |y * n |e n ) − µ(x) E −→ 0. Proof. The assertion of (i) follows from [DDDLS] , Proposition 2.1.
(ii). Since µ(e n y n e n ) − µ(x) ≺≺ µ(e n y n e n − x), it follows from (i) that
µ(e n y n e n ) − µ(x) E ≤ e n y n e n − x E(M,τ ) −→ 0.
It suffices to show that µ(y n )−µ(e n y n e n ) E → 0. Let 0 ≤ z ∈ E be equimeasurable with µ(x), and let 0 ≤ z n , n ≥ 1, be a disjointly supported sequence in E such that z n is disjoint from z and is equimeasurable with µ(y n ) − µ(e n y n e n ) for each n ≥ 1. Observe that z + z n → z (lcm). From Lemma 2.1, it follows that
so that
Consequently, via (i),
Since E has KK(lcm), it follows that µ(y n ) − µ(e n y n e n ) E = z n E → 0, and this suffices to establish (ii).
(iii). From Lemma 2.4, it follows that
, n= 1, 2, . . . , and hence from (i),
µ(e n |y n |e n ) E = e n |y n |e n E(M,τ ) −→ 1 = µ(x) E .
Since µ(e n |y n |e n ) ≤ µ(y n ), n = 1, 2, . . . , it follows from Proposition 2.3 and (ii) that µ(e n |y n |e n ) − µ(x) E → 0, which is the first assertion of (iii). The second assertion of (iii) follows exactly in the same way as the first by observing that e n y * n e n − x * E(M,τ ) → 0, and that µ(x) = µ(x * ).
We can now state the principal result of this section.
Theorem 2.6. If E is a symmetric Banach function space on [0, ∞), then E has KK(lcm) if and only if E(M, τ) has KK(lcm) for every semifinite von Neumann algebra (M, τ).
Proof. We assume that E has KK(lcm) and suppose that x, x n ∈ E(M, τ), n = 1, 2, . . . , x n → x (lcm) and x n E(M,τ ) → x E(M,τ ) = 1. By Lemma 2.5(i) and passing to a subsequence and relabelling if necessary, we may assume that there exists a sequence {e n } of finite trace projections of M such that e n x n e n − x E(M,τ ) → 0. Setting f n = 1 − e n , n = 1, 2, . . . , we show first that f n |x n |f n E(M,τ ) → 0. Let A = ∞ n=0 [2n, 2n + 1), B = ∞ n=0 [2n + 1, 2n + 2) and let φ A : A → [0, ∞), φ B : B → [0, ∞) be measure preserving bijections. We set z = µ(x) • φ A , z n = µ(e n |x n |e n )• φ A , n ≥ 1, and let 0 ≤ y n , n ≥ 1, be a disjointly supported sequence in E such that y n χ A = 0 and µ(y n ) = µ(f n |x n |f n ), n ≥ 1. Since z − z n E = µ(x) − µ(e n |x n |e n ) E , n ≥ 1, it follows from Lemma 2.5 (iii) that z n − z E → 0 and so also z n → z(lcm). Consequently, y n + z n → z (lcm). By Lemma 2.1, µ(z n + y n ) = µ(e n |x n |e n + f n |x n |f n ), n ≥ 1, and so z n + y n E = e n |x n |e n + f n |x n |f n E(M,τ ) , n ≥ 1. (2.3) It follows from Lemma 2.4 and [CKS] , Proposition 3.3, that
, n ≥ 1.
Consequently, it follows from (2.3) that z n + y n E → 1 = z E . Since E has KK(lcm), it follows that
is now a consequence of the inequality
If E is a separable symmetric Banach function space on [0, ∞), then a renorming theorem of A.A. Sedaev [Se] (see also [CDSS] , Theorems 1.5, 2.7) shows that there exists an equivalent symmetric norm · E on E such that (E, · E ) has KK(lcm). Theorem 2.6 now implies that (E(M, τ), · E(M,τ ) ) also has KK(lcm). We now use this observation to give the following criterion for norm convergence, which complements similar criteria given in [CS2] .
Corollary 2.7. Let E be a separable symmetric Banach function space on [0, ∞). If x, x n ∈ E(M, τ), n = 1, 2, . . . , then the following statements are equivalent.
Proof. The implication (i) implies (ii) follows from the inequalities
and the fact that norm convergence implies local convergence in measure. To show the implication (ii) implies (i), we may assume, via the above remarks, that E(M, τ) has KK(lcm). Let x, x n ∈ E(M, τ), n = 1, 2, . . . , and suppose that (ii) holds. It follows immediately that
Since E(M, τ) has KK(lcm), it follows that x n − x E(M,τ ) → 0.
We remark that the analogues of Theorem 2.6 for the usual Kadec-Klee property (for weak convergence) and for the Kadec-Klee property for convergence in the measure topology have been given in [CDS] .
We now turn to a geometric characterisation of the Kadec-Klee property for local convergence in measure, which is based on, and in turn complements, results given in [CDSS] . Suppose that (E, ≤) is a partially ordered normed linear space. The norm · E is said to be locally uniformly monotone in the sense of Birkhoff if and only if for all > 0 and 0 ≤ x ∈ E with x E = 1, there exists δ E (x, ) > 0 such that for all 0 ≤ y ∈ E, whenever x + y E ≤ 1 + δ E (x, ), it follows that y E < . The norm · E on E is said to be locally uniformly strictly monotone (see [CDSS] ) if and only if
It is a straightforward exercise to show that the norm on E is locally uniformly monotone in the sense of Birkhoff if and only if the norm on E is locally uniformly strictly monotone.
Theorem 2.8. Let E be a symmetric Banach function space on [0, ∞), and consider the following statements.
(i) E has KK(lcm).
(
ii) E(M, τ) has KK(lcm), for every semifinite von Neumann algebra (M, τ). (iii) The norm on E is locally uniformly monotone in the sense of Birkhoff. (iv) The norm on E(M, τ) is locally uniformly monotone in the sense of Birkhoff, for every semifinite von Neumann algebra
Proof. The equivalence (i) ⇐⇒ (ii) is the content of Theorem 2.6. To show the implication (iii)⇒(iv), let > 0 and 0 ≤ x ∈ E(M, τ) be given. Let 0 ≤ f ∈ E be such that µ(f ) = µ(x) and such that f is supported by ∞ k=1 [2k − 1, 2k). Let 0 ≤ y ∈ E(M, τ) and suppose that x + y E(M,τ ) ≤ 1 + δ E ( , f ). Let 0 ≤ g ∈ E be such that µ(g) = µ(y) and such that g is supported by ∞ k=0 [2k, 2k + 1). From Lemma 2.1, it follows that
and consequently y E(M,τ ) = g E < , and this suffices to prove the implication (iii)⇒(iv). The implication (iv)⇒(v) is trivial, and the implication (i)⇒(iii) follows from [CDSS] , Propositions 1.1, 3.2 and Theorem 3.1. If E is separable, then the implications (v)⇒(iii) ⇒ (i) follow from [CDSS] , Theorem 3.1.
Let us mention finally one further consequence of Theorem 2.6. Let φ be an increasing concave function on [0, ∞) for which φ(0) = 0 = φ(0+). We consider the Lorentz space (Λ φ , · Λ φ ) consisting of all measurable functions x on [0, ∞) for which
The Lorentz space Λ φ is separable if and only if lim t→∞ φ(t) = ∞ and it is shown in [CDSS] , Theorem 3.2, that Λ φ is separable if and only if Λ φ has KK(lcm). We therefore obtain the following consequence.
Corollary 2.9. If φ is a concave real function on [0, ∞) which satisfies φ(0) = 0 = φ(0+) and lim t→∞ φ(t) = ∞, then Λ φ (M, τ) has KK(lcm) for every semifinite von Neumann algebra (M, τ).
For the special case of unitary matrix spaces, we remark that Corollary 2.9 yields a strengthening of [CDS] , Corollary 2.11, which is not accessible from the methods of that paper.
Uniform Kadec-Klee property for local convergence in measure
The principal result of this section is the following. Proof. We let > 0 and let x n , n = 1, 2, . . . , be a sequence in the unit ball of E(M, τ) such that x n → x ∈ E(M, τ) locally in measure and that
By Lemma 2.5(i), we may assume that there exists a sequence {e n } of projections in M such that τ (e n ) < ∞, n ≥ 1 and e n x n e n − x E(M,τ ) → 0. Since µ(e n x n e n ) − µ(x) E ≤ e n x n e n − x E(M,τ ) , this implies that µ(e n x n e n ) − µ(x) E → 0. Without loss of generality, we may assume that x n − x E(M,τ ) > /2, n ≥ 1. Setting f n = 1 − e n , n ≥ 1, observe that
for all n ≥ 1. It follows that at least one of the inequalities
holds for infinitely many natural numbers n. After suitable relabelling if necessary, we may assume that at least one of these inequalities holds for every n ≥ 1. We assume first that at least one of the inequalities
holds for all n ≥ 1. In either case, it follows from Lemma 2.4 that f n |x n |f n E(M,τ ) ≥ 2 /64, n ≥ 1. We observe that µ(e n x n e n ) ≤ µ(|x n |e n ) ≺≺ µ( |x n |)µ( |x n |e n ) ≤ 1 2 (µ(|x n |) + µ(e n |x n |e n )) ,
and so e n x n e n E(M,τ ) = µ(e n x n e n ) E ≤ 1 2 + 1 2 µ(e n |x n |e n ) E for all n ≥ 1. It follows that
µ(e n |x n |e n ) E + e n x n e n − x E(M,τ ) (3.1) for all n ≥ 1. For each n = 1, 2, . . . , let 0 ≤ z n ∈ E satisfy µ(z n ) = µ(e n |x n |e n ) and let 0 ≤ y (n) m ∈ E, m = 1, 2, . . . , be a disjointly supported sequence with µ(y (n) m ) = µ(f n |x n |f n ), m = 1, 2, . . . , and such that z n y (n) m = 0, m = 1, 2, . . . . It is clear that z n + y (n) m → m z n (lcm) for each n. By Lemmas 2.1, 2.5, for each n = 1, 2, . . . ,
64
, m = k, n ≥ 1.
Using the U KK(lcm) property of E, it now follows that
and consequently, from (3.1), (3.2) and the fact that e n x n e n − x E(M,τ ) → 0, we obtain that
).
If the inequality f n x n e n E(M,τ ) ≥ /8 holds for all n ≥ 1, then we apply the argument of the preceding paragraph to x * and the sequence {x * n }. This proves the theorem.
It is possible to characterise the uniform Kadec-Klee property for local convergence in measure in terms of uniform monotonicity properties of the norm on E. If (E, ≤) is a partially ordered normed linear space, then the norm · E is said to be uniformly monotone in the sense of Birkhoff (denoted U M B) if and only if for all > 0, there exists δ E ( ) > 0 such that 0 ≤ f, g ∈ E, f E = 1 and f + g E ≤ 1 + δ E ( ) imply g E < . If, in addition, E is lattice ordered and we suppose that f ∧ g = 0 in the preceding definition, then the norm on X is said to be disjointly uniformly monotone in the sense of Birkhoff, and this property coincides with property (C) considered in [DDDLS] . It is noted in [Bi] , Chap. XV.14, that if E is a Banach lattice with UMB norm, then E is a KB-space; that is, every increasing norm-bounded sequence of positive elements of E is convergent. Similarly, if E is a Banach lattice, and if the norm on E is disjointly uniformly monotone in the sense of Birkhoff, then it is noted in [DDDLS] that E satisfies a non-trivial lower estimate. This implies that E contains no lattice copy of c 0 , and again it follows that E is a KB-space ( [LT] , 1.c.4). It now follows from [Su] that if E is a symmetric Banach function space on [0, ∞), then each of these uniform monotonicity properties is equivalent to the assertion that E has U KK(lcm). Combining these remarks with the result of Theorem 3.1, we obtain the following. (i) E has U KK(lcm).
(ii) E(M, τ) has U KK(lcm) for every semifinite von Neumann algebra (M, τ).
(iii) The norm on E is U M B.
